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Abstrat: We perform a statistial analysis of supersymmetri interseting Dbrane
models on the type II orientifold T 6/Z6. After providing an analyti proof of the niteness
of the number of possible solutions in this setup we study the frequeny distributions of
properties of the gauge group and the hiral matter ontent. In partiular we searh for
models with a standard model gauge group and disuss their statistial suppression. The
results are ompared with the reent studies on T 6/(Z2×Z2). The analysis is onduted
using a statistial method, based on the hoie of random subsets of the full ensemble of
solutions. This method allows to alulate the total number of models with high preision
to 3× 1028.
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1. Introdution
In order to make ontat with low energy physis, the quest to nd a realisti MSSMlike
string vauum is one of the most important tasks for string phenomenology. In the ontext
of type II orientifolds there has been a huge amount of ativity over the last years to obtain
a model that resembles the standard model as losely as possible
1
. Sine it is believed
that there exists a vast landsape of string vaua ontaining a huge number of possible
solutions [4, 5℄, new methods have to be used to analyse this tremendous realm.
Instead of studying individual solutions, it might be better to analyse an ensemble of
models using a statistial approah [5℄. With statistial methods, one an try to answer
questions about the distribution of ertain properties within the ensemble of solutions.
These distributions might give important insights into the overall shape of the landsape.
On the one hand, they ould be a valuable guide for model building, giving hints where to
look for interesting solutions
2
. Moreover, the issue of orrelations of properties within the
ensemble of models is of great importane. Finding orrelations implies that it might be
possible to dedue general aspets of the landsape, independent of spei models.
Dealing with statistis, there are several aveats not to be overlooked. One of them
onerns the niteness of solutions [9℄. If the ensemble to be analysed is not nite, the
possibility to make lear statements is greatly diminished, sine one has to rely on properties
whih appear in a regular pattern. The same applies for a random sample, whih has to
be hosen with great are, in order to make it a representative subset of the full range of
solutions.
In [10℄ and [11℄ methods to analyse the open string setor of interseting brane models
have been developed. In the seond paper a survey of models on a T 6/(Z2×Z2) orbifold
was arried out using a omputer based approah. This tehnique was also used to analyse
the statistis of standardmodellike as well as SU(5) and ipped SU(5) models on the
same orbifold in greater detail [12, 13℄ (for a summary of the results obtained for this
geometry see also [14℄). In [15℄ a survey of standard model vaua inluding uxes has been
aomplished for this bakground. An analyti proof of the niteness of T 6/(Z2×Z2) orbifold
solutions has been given in [16℄. Moreover a statistial analysis of Gepner model orientifolds
was performed in [17, 18, 19℄, and aspets of the heteroti landsape were disussed e.g.
in [20, 21℄.
It is lear that the statistial analysis performed in the artiles mentioned above for
the ase of the T 6/(Z2×Z2) orientifold should be repeated for other bakground geometries
in order to see if these previous results are somehow generi and persist, or if they are
substantially dierent for other spaes. In this artile we use similar methods as in the works
desribed above to analyse a dierent interseting brane setup, namely the IIA orientifold
with interseting Dbranes on the T 6/Z6 orbifold. This lass of models is also interesting
from a phenomenologial perspetive, sine it has already been shown that one an onstrut
an interseting brane model with three generations of quarks and leptons on this spae [22℄.
1
For reviews on this topi see e.g. [1, 2, 3℄.
2
For reent reviews on distributions on the landsape and ounting of ux ompatiations, see [6, 7, 8℄.
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There are many similarities to the T 6/(Z2×Z2) ase, but we enounter some new
aspets as well. In partiular, this bakground requires frational branes, oming from
the Z2twisted setor of the orbifold [23, 24℄. As it turns out, these frational branes are
essential for the properties of the low energy theory, in partiular for the existene of hiral
matter. Moreover, due to the existene of the frational branes the number of solutions is
largely inreased ompared to the T 6/(Z2×Z2) ase, and the statistial distributions are
also dierent.
In order to make statistial statements for the full parameter spae, we use a new
method of analysis, based on the hoie of random subsets of solutions. As emphasized
in [25℄, this has to be done very arefully, in order to obtain results that resemble the atual
frequeny distributions as losely as possible, sine oating orrelations ould have the
unwanted eet that ertain observables are funtions of the onsidered examples. Fortu-
nately, as we will show in this artile, the results obtained in this way are indeed suiently
lose to the full results to be trusted. We are ondent that this method ould also be ap-
plied to dierent setups and, sine it greatly redues the amount of neessary omputations,
might prove useful for subsequent surveys of the landsape.
1.1 Outline
This paper is organised as follows. In Setion 2 we will reall the geometri setup of T 6/Z6,
explain the orbifold and orientifold projetions and desribe the spae of threeyles. Se-
tion 3 ontains a disussion of the onstraining equations from tadpole anellation, super-
symmetry and Ktheory. In Setion 4 we give an analyti proof of the niteness of possible
solutions to the onstraining equations. We explain our methods of statistial analysis in
Setion 5 and present the obtained results on the distribution of gauge setor observables in
Setion 6. In partiular, we look for the frequeny distribution of models with a standard
model gauge group and their hiral matter ontent. Finally we summarise our results and
give an outlook to further diretions of researh.
2. Geometry
In this setion we will review the geometri setup of the T 6/Z6 orientifold and possible
Dbrane ongurations. We will use the notation and onventions of [22℄, to whih we refer
for more details on the geometry and expliit derivations of some of the results we use in
the following.
2.1 Orbifold and orientifold projetions
We assume a fatorisation of the T 6 into three twotori, desribed by omplex oordinates
zi, i = 1, 2, 3, on whih the orbifold group Z6 ats as
θ : zi 7→ e2piivizi,
with the shift vetor dened as ~vi =
1
6(1, 1,−2). There exists another possible ation, often
denoted by Z
′
















Figure 1: The three twotori of the T 6/Z6 orbifold in the AAAgeometry. The fundamental yles
of the T 6 are denoted by πi. The xed points of θ
3
on the rst two T 2s, whih are relevant for the
denition of exeptional yles, are marked by dots. The third torus is invariant under θ3.
see [26℄). We will not onsider the Z
′
6 orbifold in this artile, but plan to ome bak to it
in the future [27℄.
In addition to the orbifold group we introdue an orientifold projetion, onsisting of
the reetion of worldsheet parity Ω and an antiholomorphi involution R, whih we hoose
to be omplex onjugation,
R : zi 7→ z¯i. (2.1)
In order for the orbifold and orientifold projetions to be ompatible, (2.1) has to be
an automorphism of the Z6 lattie. This allows for only two possible geometries of the
three twotori, denoted by A and B. In the ase of an Ageometry the torus lattie is
given by the root lattie of SU(3), spanned by {√2, (1 + i√3)/√2)}. The Bgeometry,
whih orresponds to a D9brane with bakgroundux in the dual type IIB piture, an
be obtained from the Aase by a rotation of e−ipi/6.
Choosing dierent geometries for the three twotori and onsidering only those om-
binations whih annot be obtained by trivially interhanging the rst and seond torus,
whih transform in the same way under θ, we obtain six dierent possible setups, denoted
in the following by AAA,AAB,ABA,ABB,BBA and BBB.
2.2 Threeyles
To wrap O6-planes and D6-branes on this geometry, we are interested in the number of
threeyles, given by the third Betti number b3 = 2(1 + h2,1). Aording to [28℄ we have
h2,1 = 5, all oming form the orbifoldtwisted setor. This leads in total to two bulk yles
inherited from the sixtorus and ten exeptional yles, whih wrap a ombination of a
oneyle on T 3 and a twoyle around one of the Z3 xed points. General threeyles
will be a ombination of bulk and exeptional yles, but one has to keep in mind that only
those ombinations are possible in whih the bulk yle passes through the xed point in
question.
2.2.1 Bulk yles
The fatorisable bulk yles an be dened in terms of a basis of fundamental oneyles
on the three twotori. For these we use the notation π2i−1, π2i for T 2i , i = 1, 2, 3, as shown
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in Figure 1. A basis for the bulk yles an be dened as
ρ1 = 2
[





(1 + θ + θ2)π2 ⊗ π3 ⊗ π5
]
, (2.2)
with intersetion matrix given by
I
(ρ)






Any bulk threeyle an be expanded using the basis (2.2) as
Πa = Yaρ1 + Zaρ2. (2.4)
In terms of the wrapping numbers ni,mi of the fundamental oneyles π2i−1 and π2i the
oeients Ya and Za read










mi,anj,ank,a, i, j, k ∈ {1, 2, 3}cyclic.
From (2.3) and (2.4) one omputes the intersetions between two bulk yles to be
Iab := Πa ◦Πb = 2(ZaYb − YaZb).
The ation of the involution (2.1) on the fundamental oneyles of the twotori for













This leads to the following transformations of the bulk yles (2.2) for the six inequivalent
geometries,
AAA : ρ1
R→ ρ1, ρ2 R→ ρ1 − ρ2,
AAB : ρ1
R→ ρ2, ρ2 R→ ρ1,
ABA : ρ1
R→ ρ2, ρ2 R→ ρ1,
ABB : ρ1
R→ ρ2 − ρ1, ρ2 R→ ρ2,
BBA : ρ1
R→ ρ2 − ρ1, ρ2 R→ ρ2,
BBB : ρ1
R→ −ρ1, ρ2 R→ ρ2 − ρ1.
(2.5)
To obtain the yles wrapped by O6-planes we have to ombine two orbits, invariant under




AAA : 4ρ1, ABB : 6ρ2,
AAB : 4(ρ1 + ρ2), BBA : 4ρ2,




In addition to the threeyles inherited from the sixtorus we obtain additional, soalled
exeptional yles, whih wrap a produt of yles around the θ3orbifold xed points
(denoted by 1,2,3,4 in Figure 1) and a oneyle on T3. This situation is similar to the one
that has been enountered in the ase of ompatiations on T 6/Z4 in [29℄.
We an hoose the following basis of exeptional yles, invariant under the orbifold
projetion,
ε1 = (e21 − e41)⊗ π5 + (e41 − e31)⊗ π6,
ε˜1 = (e31 − e41)⊗ π5 + (e21 − e31)⊗ π6,
ε2 = (e12 − e14)⊗ π5 + (e14 − e13)⊗ π6,
ε˜2 = (e13 − e14)⊗ π5 + (e12 − e13)⊗ π6,
ε3 = (e22 − e44)⊗ π5 + (e44 − e33)⊗ π6,
ε˜3 = (e33 − e44)⊗ π5 + (e22 − e33)⊗ π6,
ε4 = (e23 − e42)⊗ π5 + (e42 − e34)⊗ π6,
ε˜4 = (e34 − e42)⊗ π5 + (e23 − e34)⊗ π6,
ε5 = (e24 − e43)⊗ π5 + (e43 − e32)⊗ π6,
ε˜5 = (e32 − e43)⊗ π5 + (e24 − e32)⊗ π6, (2.7)
where we denoted the twoyles stuk at the xed points on T1 and T2 by eij , i, j = 1, . . . , 4
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It is possible to ombine the bulk yles (2.2) and exeptional yles (2.7), inlud-
ing their images under the orbifold projetion, into an unimodular lattie of basi three
yles [22℄, whih is an important onsisteny hek for ompleteness of the sympleti
basis. Sine this partiular basis is not very onvenient for omputations, we will not use
it in the following.
3. Model building onstraints
In addition to the O6planes desribed by (2.6), we introdue k staks of D6branes, wrap-
ping frational yles. However, we would like to obtain supersymmetri models whih
are stable and free of anomalies. Therefore the brane onguration has to full several
onstraining equations, whih we will desribe in the following.
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3.1 Tadpole anellation
In order to obtain onsistent models we have to make sure that the total harge of the RR
sevenforms in the ompat spae anels. This imposes a ondition on the ohomology
lasses of these forms, whih an be reformulated in homology. Denoting the orientifold
image of a yle Πa wrapped by some brane a by Πa′ it reads∑
a
Na (Πa +Πa′)− 4ΠO6 = 0. (3.1)
We an split the tadpole ondition into two parts ontaining ontributions from the bulk
and exeptional yles, respetively. Sine the orientifold planes wrap only bulk yles
aording to (2.6), the ontributions from Dbranes wrapping exeptional yles have to
anel among themselves.
Using the basis (2.4) and the transformation rules (2.5), we nd for the six dierent
geometries the following onditions
3
for k bulk branes with stak sizes Na,
AAA :
∑k
a=1 Na(2Ya + Za) = 16, ABB :
∑k
a=1 Na(Ya + 2Za) = 24,
AAB :
∑k
a=1 Na(Ya + Za) = 16, BBA :
∑k
a=1 Na(Ya + 2Za) = 16,
ABA :
∑k
a=1 Na(Ya + Za) = 8, BBB :
∑k
a=1 NaZa = 16.
(3.2)
3.2 Supersymmetry onditions
In order to preserve N = 1 supersymmetry, the bulk yles have to be alibrated with
respet to the same alibration form as the orientifold planes. In our ase of threeyles,
this is the holomorphi threeform and this means that the yles have to be speial La-
grangian. Expressed in terms of the expansion oeients (2.4) the onditions are given
by
AAA : Za = 0, ABB : Ya = 0,
AAB : Ya = Za, BBA : Ya = 0,
ABA : Ya = Za, BBB : 2Ya = −Za.
(3.3)
Sine these onditions boil down to the fat that the bulk branes have to wrap the same
yles as the O6planes, we obtain the result that the intersetion number between these
branes and the orientifold planes always vanishes,
IaO6 = Πa ◦ΠO6 = 0. (3.4)
To exlude antibranes from the spetrum, we have to impose one further ondition,
AAA,AAB,ABA : Ya > 0, ABB,BBA,BBB : Za > 0. (3.5)
Frational branes, being a ombination of bulk and exeptional yles, preserve half of the
supersymmetry, if the bulk part obeys (3.4) and (3.5), and the exeptional part omes from
xed points that are traversed by the bulk yle. In total there are 128 dierent possible
ombinations of exeptional yles for a given bulk yle. All possible ombinations an be
found in tables 23 and 24 of [22℄.
3
These onditions an also be derived expliitly by omputing open string amplitudes, see [22℄.
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3.3 Ktheory onstraints
In addition to the onstraints from tadpole anellation and supersymmetry, we have to
demand that the fourdimensional models are anomalyfree. Canellation of loal gauge
anomalies is guaranteed by a generalised GreenShwarz mehanism, yet there exists the
possibility to obtain a global gauge anomaly [30℄, whih an be dedued from a Ktheory
analysis. In the ase of our models, this ondition requires an even amount of hiral matter
from Sp(2) probe branes, inserted in the geometri setup [31℄. Sp(2) gauge groups are
arried by branes that are invariant under the orientifold ation. Unfortunately this is not
the only possible gauge group for these branes, they an equally well support an SO(2)
group. To dierentiate between these two, one has to go beyond the algebrai approah
that sues to alulate the tadpole, the susy onstraints and the hiral matter ontent. It
is neessary to analyse the open string Möbius amplitude for eah possible brane.
Fortunately the geometrial setup of the Z6 orientifold is suh that we do not have
to worry about this issue. In fat, it an be generally proved that all possible solutions
that full the tadpole and susy onstraints will automatially satisfy the stronger ondition
where all possible orientifoldinvariant probe branes are used. In this ase we obtain the
following ondition for a model with k staks of branes,
k∑
a=1
NaΠa ◦Πp ≡ 0 mod 2, (3.6)
and this equation should hold for any probe brane p invariant under the orientifold map.
Beause of this property and the fat that the bulk part of the probe branes does not
interset with the bulk part of all other branes, several of the terms in (3.6) vanish and we










rip ≡ 0 mod 2, (3.7)
where the values sia are the oeients of the yles of brane a whih are odd under the
orientifold projetion and the rip parametrise the yles of the probe branes whih are even
under the orientifold map. Note that we are summing over exatly half of the dimension of
the basis of exeptional threeyles. However, not all of the rip are independent, sine the
probe branes are bound to be on top of the orientifold planes. An expliit alulation shows
that there exist only eight dierent possibilities and that the oeients rip are always even.
Therefore (3.7) is always fullled.
3.4 Open string spetrum
The massless hiral states arising at the intersetion of dierent staks of Dbranes and at
the intersetion of branes with their orientifold mirrors and the orientifold planes, an be
omputed from the intersetion numbers. In general a stak of N branes supports a U(N)
gauge group, unless the threeyle wrapped by this stak lies on top of the orientifold
plane. In this ase we are dealing with an SO(2) or Sp(2) group.
To ompute the nonhiral spetrum, one has to analyse the open string amplitudes.
In our statistial analysis we will not do so, but onentrate on the hiral spetrum only.
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As shown in Table 1, we obtain hiral matter in a bifundamental representation at the
intersetion of two staks a and b with Na and Nb branes, respetively. In addition there
is the possibility for eah stak to ontribute matter in the symmetri and antisymmetri
representations of the gauge group. From the disussion in Setion 3.2 it follows that the
amount of symmetri and antisymmetri representations will always be the same, sine
there an be no ontribution from the intersetion with the orientifold planes. Moreover,
it is ruial to work with frational yles, sine all bulk yles that our lie on top of the
orientifold plane and do hene not interset whih eah other.
representations multipliity
(Na,Nb) Πa ◦ Πb
(Na,Nb) Πa ◦ Π′b
Syma
1
2 (Πa ◦Πa′ −Πa ◦ ΠO6)
Antia
1
2 (Πa ◦Πa′ +Πa ◦ ΠO6)
Table 1: Multipliities of the hiral spetrum.
3.5 Embedding of the standard model
Sine our nal goal is to quantify the number of standard modellike vaua that an be
found in this type of ompatiations, we have to hose a way to realise the gauge group
and hiral matter ontent of the MSSM in terms of interseting branes. In the present
work we will onsider only one type of embedding, mainly for two reasons. One is given
by external onstraints on omputational power and feasibility. The seond one lies in the
speial properties of the orbifold we are investigating. Sine we saw in the previous setion
that the amount of symmetri and antisymmetri representations is always equal, several
possible onstrutions of standard model spetra that use antisymmetri representations
of SU(2) annot be realised, unless one also allows for hiral matter in the symmetri
representation, whih is not desirable from a phenomenologial point of view.
The onstrution we will use in Setion 6.5 for the analysis of the frequeny distribution
of standard models is wellknown and has been used in many model building approahes
of interseting branes. It onsists of two staks of branes (a and b) with gauge groups U(3)
and U(2), and two branes (c and d) with a U(1) group. The standard model spetrum is
realised through hiral matter transforming in bifundamental representations of the gauge
groups. The omplete spetrum and the assignment to partiles is given in Table 2.
The hyperharge QY is realised in this onstrution as a ombination of the U(1)













QL (3,2)0,0 + (3,2)0,0 Iab + Iab′
UR (3,1)−1,0 + (3,1)0,−1 Ia′c + Ia′d
DR (3,1)1,0 + (3,1)0,1 Ia′c′ + Ia′d′
L (1,2)−1,0 + (1,2)0,−1 + (1,2)−1,0 + (1,2)0,−1 Ibc + Ibd + Ib′c + Ib′d
ER (1,1)1,1 Icd
NR (1,1)1,−1 Icd′
Table 2: Realisation of standard model partiles with four staks of branes. The notation in the
seond olumn gives the representation under SU(3) and SU(2) in brakets with the harges under
the U(1)s of the third and fourth stak as subsripts.
4. Finiteness of solutions
An important question that we would like to answer before analysing the fourdimensional
models in detail onerns the niteness of possible solutions. To answer this question, it is
suient to analyse the solution spae of the system of equations (3.2) and (3.3). We do
not have to take the analogue expressions for the exeptional yles into aount, although
the set of solutions is greatly enhaned by models ontaining exeptional yles, beause
the number of possible ombinations of these yles is always nite (f. Setion 3.2). The
Ktheory onstraints will play no rle anyway, as has been argued above.
One important drawbak of our approah has to be mentioned here. We annot make
any statement about the dependene of the number of solutions on the omplex struture
moduli
4
. The omplex strutures of the three twotori are xed by the requirement to be
ompatible with the orbifold projetion. Sine h2,1 = 5, we nd ten omplex struture
moduli in the twisted setor. We do not analyse the blow up of the orbifold singularities
and an therefore not make any statements about the behaviour of our models away from
the orbifold point. Having said this, we will ontinue to prove that there is only a nite
number of models at this point in moduli spae.
After the susy onditions are fullled, we are left with one tadpole ondition for eah
possible geometry, aording to (3.2). It will ontain one unknown wrapping number (Y
or Z, depending on the geometry), whih is always positive aording to (3.5). Therefore
it follows trivially that the remaining unknown in the tadpole equations is bounded from
above by the orientifold harge, whih also depends on the geometry, but will never be
greater than 24. To proof the niteness of the number of models, it remains to be shown
that the possible ombinations of wrapping numbers {ni,mi}, whih make up Y and Z
4
Conerning this point the present ase diers from the Z2×Z2ase onsidered in [16℄. On the one
hand this is an advantage, beause it makes the proof of niteness in the Z6ase less involved sine no free
parameters besides the brane wrapping numbers appear in the onstraining equations. On the other hand
we lose a great deal of generality that an only be regained by a proper analysis of the open string moduli
spae of the exeptional yles  an issue that is beyond the sope of this work.
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aording to (2.5), are always nite.
In the following we will give an expliit proof for the AAAgeometry, the other ve
possibilities an be treated analogously. In order to simplify the disussion and reet the
symmetries of the problem, we dene new variables for the wrapping numbers on the rst
two tori, while keeping the wrapping numbers on the third torus expliit.
α := m1m2 + n1m2 + n2m1, β := n1n2 + n1m2 + n2m1. (4.1)
Exhanging the rst two tori, whih is a symmetry of the geometri setup, will leave α and
β invariant. In terms of α, β, n3,m3 (3.3) reads
Z = n3α+m3β = 0. (4.2)
Sine we know from (3.5) that Y has to be positive, one stak of branes has to ontribute
a nite value 0 < T < 16 to the tadpole onstraint. This amounts to a seond equation,
Y = n3(β − α)−m3α = T. (4.3)
To analyse the possibility of an innite set of solutions to (4.2) and (4.3), we have to
distinguish between the ases n3 = 0 and n3 6= 0.
n3 = 0: Sine n3 and m3 annot vanish simultaneously, we get from (4.2) that
β = n1(n2 +m2) + n2m1 = 0. (4.4)
and from (4.3) we obtain
−m3α = −m3 (m2(m1 + n1) + n2m1) = T. (4.5)
An innite number of solutions an only exist, if there is an innite series of solutions to
β = 0 or α = const. Both ases an be treated analogously, so let us pik one of them and
examine β = 0. Again we analyse two ases, depending on the value of n1. If n1 = 0, we
get from (4.4) that n2 = 0 and (4.5) reads −m1m2m3 = T , whih puts bounds on {mi}. If
n1 6= 0, we an rewrite (4.4) as
m2 = −n2
n1
(n1 +m1) . (4.6)









To obtain an innite series, the expression in brakets would have to have an innite number
of solutions. This is not possible, sine the term always denes an ellipse, whih supports
only a nite number of integervalued points.
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β = T. (4.8)
The expression in brakets denes again an ellipse and an have only a nite number
of solutions. The remaining possibility would be that there exists an innite series to
β = const. If n1 or n2 are zero, we an see immediately that an innite series is impossible.
If m1/2 vanishes, we obtain n2/1 +m2/1 = const with both wrapping numbers unbounded.
In this ase α = n1/2m2/1 would be unbounded as well, whih an only be tolerated if m3
would be unbounded. This ontradits (4.8).












whih an have only an innite number of solutions, if m2n1 = −m1n2 with m1,m2 un-
bounded. But in this ase we nd α to be unbounded, whih is not possible with β bounded
at the same time. This ompletes the proof.
5. Methods of analysis
In the following we desribe the omputational methods we used to obtain an ensemble of
solutions to the onstraining equations. The results of the statistial analysis are based on
this expliitly alulated ensemble.
5.1 Choie of basis
It turns out that it is onvenient to use a dierent basis of threeyles for the omputational
analysis, beause it makes the tadpole onditions (3.1) for the bulk yles and exeptional
yles more uniform. The basis onsists ofR even yles ηi andR odd yles λi, i = 0, . . . , 5,
whih are given in terms of the basis of bulk yles (2.2) and exeptional yles (2.7) for
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AAA : (ρ1,−ε1 + 2ε˜1,−ε2 + 2ε˜2,−ε3 + 2ε˜3, ε˜4 − ε5 + ε˜5, ε4 − ε5),
AAB : (ρ1 + ρ2,−ε1 + ε˜1,−ε2 + ε˜2,−ε3 + ε˜3, ε4 − ε˜5,−ε˜4 + ε5),
ABA : (ρ1 + ρ2,−ε1 + 2ε˜1, 2ε2 − ε˜2,−ε5 + 2ε˜5, ε˜3 − ε4 + ε˜+ 4, ε3 − ε4),
ABB : (ρ2,−ε1 + ε˜1, ε2,−ε5 + ε˜5, ε3 − ε˜4,−ε˜3 + ε4),
BBA : (ρ2, 2ε1 − ε˜1, 2ε2 − ε˜2, 2ε3 − ε˜3, ε˜4 − ε˜5, ε4 − ε˜4 + ε5),







AAA : (−ρ1 + 2ρ2, ε1, ε2, ε3, ε4 + ε5,−ε˜4 − ε5 + ε˜5),
AAB : (−ρ1 + ρ2, ε1 + ε˜1, ε2 + ε˜2, ε3 + ε˜3,−ε˜4 − ε5,−ε4 − ε˜5),
ABA : (−ρ1 + ρ2, ε1,−ε˜2, ε5, ε3 + ε4,−ε˜3 − ε4 + ε˜4),
ABB : (−2ρ1 + ρ2, ε1 + ε˜1, ε2 − 2ε˜2, ε5 + ε˜5,−ε˜3 + ε4,−ε3 − ε˜4),
BBA : (−2ρ1 + ρ2,−ε˜1,−ε˜2,−ε˜3, ε4 − ε5 + ε˜5,−ε˜4 − ε˜5),
BBB : (−ρ1, ε1 − 2ε˜1, ε2 − 2ε˜2, ε3 − 2ε˜3, ε4 − ε5,−ε˜4 + ε5 − ε˜5).
The expansion of a threeyle in terms of this basis reads









with expansion oeients ri, si, i = 0 . . . 5. The tadpole equations are given by∑
a
Na~ra = 4~rO6, (5.1)
The zeroth entry of ~rO6 an be read o from (3.2), while all others have to vanish, sine
the orientifold planes do not ontribute to the tadpole equations of the exeptional yles.
In terms of this new basis the intersetion between two staks of branes a and b dened
by yles Πa and Πb reads
Iab = Πa ◦ Πb = 1
2
(~sa · ~rb − ~ra · ~sb) . (5.2)
5.2 Algorithm
To obtain a large number of models that full the onstraining equations, we used several
omputers to generate the solutions, whih were subsequently stored in a database for later
analysis. A priori no onstraints have been imposed on the models besides being onsistent
supersymmetri solutions to the tadpole and supersymmetry onditions.
5
Note that in omparison to tables 6 and 7 in [22℄ we use a slightly dierent notation. Due to a sign
error the yles ηI and χI in the notation of that artile have to be exhanged for I = 1, . . . , 5 (f. the
erratum on p. 33). This we take into aount and moreover we will use λ instead of χ.
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As mentioned before, the model building onstraints desribed in Setion 3 an be
treated separately for bulk and exeptional yles. The rst part of the omputer program
we use, whih searhes for pure bulk ongurations, employs the partition algorithm used
in [11℄ to nd all possible realisations of the left hand side of equation (5.1). Subsequently
it runs through a ertain range of pairwise oprime wrapping numbers searhing for groups
(ni,mi), i = 1, 2, 3 that yield the desired r
0
values. Care has to be taken to avoid multiple
ounting of yles whih are identied under the orbifold or orientifold ation. Expliitly,
two of the wrapping numbers are restrited to be always > 0 and the wrapping numbers
on the third torus, (n3,m3) have been hosen to be both odd. In this way no double
ounting of solutions whih are related by a geometri symmetry of the problem will our.
Subsequently the program heks the bulk supersymmetry onditions (3.3) and (3.5), whih
amount to ra > 0, s
0
a = 0 in the notation introdued above. Finally one nds ongurations
of bulk yles, whih full all onsisteny onditions, by ombining the results of the previous
steps.
Aording to tables 23 and 24 in [22℄ 128 exeptional yles, whih already satisfy the
supersymmetry onditions, arise for one single bulk yle. The seond part of our program
runs through all 128k possible ombinations of exeptional yles for a bulk onguration
with k staks and heks the exeptional tadpole onditions expliitly. Unfortunately there
is no way to exlude part of these 128k ombinations a priori and we have no hoie but to
ompute every single one of them in order to perform a omplete analysis. As a onsequene
the time neessary for the omputation sales exponentially with the number of staks and
ould reah the realm of years or even deades. In the following we will thus only present
full statistis for models with a low number of staks. For ongurations with a higher
number of staks we randomly selet a fration of the 128k possible ombinations. As we
will argue in the next setion, these randomly hosen subsets an be trusted to resemble the
full statistial distributions and are therefore suient to make statements about frequeny
distributions of gauge group properties and hiral matter ontent.
6. Results
In the following we present the results of a statistial analysis of the ensemble of solutions
to the tadpole, supersymmetry and Ktheory onstraints, whih have been omputed as
outlined in the last setion.
As already mentioned before, a full analysis of all possible models is as yet impossible.
This omes from the simple fat that the total number of solutions is of the order 1028, as
we are going to show in the following, and an expliit omputation of every single solution
is beyond reah of ontemporary omputer tehnology. Therefore we used the tehnique of
hoosing random subsets of possible solutions whih in turn were analysed in detail. As it
turns out this method is perfetly suient for a statistial analysis.
After a more detailed explanation of this random method, we disuss the total number
of solutions. Then we turn to disuss frequeny distributions of various properties of the
models, in partiular the gauge group fators, the total rank and the hiral matter ontent.
































Figure 2: The number of solutions for dierent numbers of staks and sizes of the random sample.
their suppression within the set of all solutions and the properties of the hidden setor
gauge group.
Along the way we ompare the results with an analysis of Z2×Z2 models. We only ite
the relevant results here, a summary of the statistial analysis that has been done in that
ase an be found in [14℄.
6.1 Choosing random subsets
The most timeonsuming part of omputing full solutions is given by adding exeptional
yles to ongurations of bulk yles that already full the tadpole ondition. As explained
in Setion 5.2, the bulk solutions are obtained using a fast partition algorithm, while for the
exeptional part there is no other way then to run through all 128k possible ombinations
and hek if they full the onstrains. This algorithm learly sales exponential with the
number of staks k, suh that a omplete survey of models with more then three staks is
not feasible.
Nevertheless, as we will explain shortly, we are able to derive quite robust statistial
statements about the full set of solutions. To do so, we apply a proedure to obtain random
subsets of the 128k possible ways to add exeptional yles to a bulk solution. If the total
number of solutions is large enough, it is possible to assume a linear dependene between
the size of the sample s and the number of solutions n(s). Moreover, the gradient an be
used to ompute the total number of solutions ntot(k) for a given stak size, if we assume
that this number sales with 128k.
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In Figure 2 the number of solutions for dierent numbers of staks and sizes of random
samples is shown. Although not learly visible in this three dimensional plot, the number
of solutions grows indeed linearly with the size of the random sample. The auray of
the linear t inreases with the number of staks. Aording to (6.1), the slope of the
logarithmi plot gives the average number of full solutions per bulk onguration, whih
varies between 102 for the twostak models and 4.3× 104 in the ase of models with eight
staks.
staks exat estimate error
2 1.7068 × 106 1.7079 × 106 < 7× 10−4
3 3.9816 × 107 3.9818 × 108 < 6× 10−5
Table 3: Exat number of solutions and estimated values for models with two and three staks of
branes and the relative error of the estimate.
Using the exat results in the two and threestak ase we an ompare the total
number of solutions with the estimated result from the random proedure. The results
of this omparison are shown in Table 3. It turns out that the estimate is orret up to
an error smaller then 0.7% in the ase of models with two staks and even an order of
magnitude less in the ase of three staks. Although we annot ompletely rule out that
something dramatially dierent happens for models with a larger number of staks, this
seems very unlikely. Our results rather suggest that on the ontrary one might onjeture
that the estimate gets better for larger stak size k. This an be justied given that the
deviation from linearity in the saling gets smaller for larger k.
It an therefore be expeted that the results obtained using the random method are
suient for a statistial analysis and that we are allowed to extrapolate the frequeny dis-
tributions obtained for a random sample to the full set of solutions using the relation (6.1).
However, it should be emphasised that a good approximation of the number of solutions
is not enough to obtain an aurate desription of the properties of the models. Therefore
we always perform a hek for eah distribution against the models with two and three
staks to see if the frequeny distributions of the omplete solution and the extrapolated
distributions from the random samples do agree. In partiular for properties of the gauge
group we expet the method to work very well, sine the gauge group fators depend on
the bulk onguration only.
6.2 Total number of solutions
In order to make statistial statements about the probability of ertain properties of so-
lutions, it is ertainly important to know about how many solutions we are talking. In
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Figure 3: Logarithmi plot of the total number of solutions to the tadpole equations. The left
plot (a) shows only bulk solutions, while the right one (b) show the full set of solutions, inluding
exeptional yles.
gure shows the number of solutions to the bulk equations alone, not inluding exeptional
yles, while the right gure ontains the full result of onsistent models. The minimum
number of staks is two in both ases, while the maximum is twelve, whih an be dedued
immediately from the tadpole equations (5.1). Remember that all variables are positive
and the maximum value of the right hand side is 24, while the wrapping number on the left
hand side is always a multiple of two.
Let us begin with an analysis of supersymmetri solutions to the bulk part of the
tadpole onditions (3.2) alone. Note that these ongurations are just an intermediate step
to a full solution, sine we need to inlude exeptional yles to obtain onsistent models.
Nevertheless it is an interesting question to ask how many solutions of the bulk equations
exist, sine this gives an overview of the number of andidate solutions to the full tadpole
and susy onstraints. As explained above, we will have to onsider 128k possibilities of
ongurations of exeptional yles for eah bulk solution.
As one an dedue from Figure 3(a), the maximum number of solutions of possible bulk
yles is obtained for models with 8 staks. In priniple one would assume that the number
of possible ongurations grows dramatially with the number of staks, sine naively the
number of models with k staks should be proportional to the number of fatorisations of
integer partitions of length k. However, the negative ontribution of the orientifold planes
to the tadpole equation is dierent for the six possible geometries. For the AAA, AAB,
BBA and BBB ases we get a total ontribution of 16, while in the AAB and ABB ases
we obtain 8 and 24, respetively. Keeping in mind that there is a fator of two on the left
hand side of (3.2) and that all brane ontributions are positive, one nds that the ondition
for models with AAB geometry an only be fullled if the number of staks is smaller then
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Figure 4: Relative ontributions of the dierent geometries to the full set of solutions for models
with three staks. The right gure (b) shows the relative error between the random solutions for
dierent stak sizes and the full set of solutions. The staks sizes are 4, 16, 64, 256, 1024, 4096 and
16384 (from left to right).
are possible. This explains the relatively small ontributions for models with more then
eight staks.
After ompleting the models with exeptional yles, the piture hanges quite a bit.
This is due to the aforementioned fat that there are in priniple 128k possible ongurations
of exeptional yles for eah bulk onguration. Not all of them are onsistent, in the sense
that they full the full tadpole equations (5.1), but as we have shown in Setion 6.1 the
total number of solutions sales preisely with this number, multiplied by a oeient of
order 102 to 104. This explains the domination of models with twelve staks, that an be
seen in Figure 3(b). As we will see in the following, this dominane of models with large
stak numbers has a large impat on the statistial distributions.
Using the randomly generated solutions for all possible numbers of staks we an om-
pute the total number of models to be 3.43 × 1028 ± 1%. Sine the linearity of the growth
of solutions inreases with large numbers of staks, we an estimate the error in this alu-
lation to be smaller then the relative error alulated expliitly for the two stak models in
the last setion.
To omplete the piture, we analyse the individual ontributions of the dierent ge-
ometries. This will also serve as a test of the random method that we used to obtain the
statistial distributions. As an be seen in Figure 4(a), the largest ontribution omes from
the BBB geometry. Conerning the relative error we make using the random method, it is
found to be suiently small. As shown in Figure 4(b), already at a random sample size
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Figure 5: Frequeny distributions of (a) the total rank r and (b) the probability to nd a gauge
group of rank N .
6.3 Gauge groups
We onsider two properties of the gauge group of the models, whih onsists of a produt of






In a seond step we disuss the probability to nd one brane with a gauge group of rank
N . Both properties are obviously important to lassify models whih resemble the standard
model.
6.3.1 Rank distribution
The frequeny distribution of the total rank, see Figure 5(a), grows exponentially and
reahes a maximum at rank 12. This behaviour an be explained by the dominane of
models with twelve staks of branes. The exponential saling of the total rank is diretly
related to the exponential saling of the total number of solutions, beause these are domi-
nated by models with an U(1) gauge group. This follows from the solutions to the tadpole
equations, whih are given as fatorisations of partitions of the orientifold harge. The
fator one is not only the number with the highest abundane in integer partitions, but it
is in fat the only possible gauge group in models with twelve staks of branes, as follows
diretly from the positivity of all variables in the tadpole equation.
One striking fat of the rank distribution still has to be explained: There are only
solutions with even rank. This is a onsequene of the spei Z6 geometry and dierent
from other orbifold models, as for example the Z2×Z2 models we already mentioned. To
show why this is always the ase, we have to take a loser look at the tadpole equation (5.1).
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Sa ≡ 0 mod 4, with Sa := NaYa, A := {1, . . . , k}. (6.3)








S(even)a , with O ∪ E = A, O ∩ E = ∅.
The equivalene (6.3) an only be fullled, if there is an even number of Sodda . Writing the











we get that the rst part of this sum is even. Here we used that all branes in the set O have
to obey Na ≡ 1 mod 2, for S(odd)a ≡ 1 mod 2. For the seond part of (6.4) to be even, it is
enough to show that Ya is always odd. This an be done by writing the wrapping number
in terms of the fundamental torus wrapping numbers, similar to what we did in Setion 4.
From
Y = n2(α− β)−m2(β) , Z = n2β +m2α = 0 (6.5)
and the onstraints (n2,m2) ≡ (1, 1) mod 2, explained in Setion 5, we obtain from the
seond equation in (6.5) that α ≡ β mod 2 and therefore Y ≡ 1 mod 2. This ompletes
the proof.
6.3.2 Gauge group fators
In Figure 5(b) the probability to nd a gauge group of rank N is shown. For the reason ex-
plained in the last paragraph, namely the abundane of U(1) gauge fators, the probability
to nd one brane with gauge group of rank one is almost 100%. The distribution falls o
exponentially for larger N , whih is again due to the exponential saling of the number of
solutions with the number of staks.
As in the ase of the total number of solutions, we have obtained the distributions using
an extrapolation of results from random subsets. To hek the validity of this approah,
we ompare with the full set of models in the ase of three staks of branes. The result is
shown in Figure 6. For both ases, the total rank distribution as well as the probability
distribution of single gauge fators, we obtain very aurate results. The relative error is
always smaller then 1%in both ases.
6.4 Mean hirality
To understand on a qualitative level how many of the solutions are hiral, we analyse the
mean hirality of the set of solutions. To do so, we dene the mean hirality to be the


















































Figure 6: Comparison of the results for the distribution of (a) the total rank r and (b) the
probability to nd a rank N gauge fator for models with three staks of branes. The full result is
given by the red bars on the left, while the solutions obtained using a random set of 214 exeptional
yles are shown as blue bars on the right. An upper bound on the relative error is given by the
value above eah bar.
in the statistial analysis of Z2×Z2 orbifold models (f. Setion 3.2.2 of [14℄). For a model












|~sa · ~rb| , (6.6)
where we used the denition of the intersetion Iab in terms of the η, λbasis (5.2).
Before onsidering all random subsets, we have to make sure that the method an also
be trusted in this ase, sine we are asking a dierent question then in the ase of gauge
fators or rank distributions. The denition of the mean hirality (6.6) involves a summation
over intersetion numbers. These depend very muh on the hoie of exeptional yles, in
ontrast to the properties of the gauge group, whih depend only on the onguration of
bulk yles.
In Figure 7 we ompare the distribution obtained from the full set of solutions for models
with three staks of branes, inluding all 1283 = 221 possible hoies of exeptional yles,
shown in Figure 7(a), with dierent random subsetmodels, shown in Figures 7(b), 7()
and 7(d), whih take 64, 1024 and 16384 randomly hosen ombinations of exeptional
yles into aount. Keeping in mind that the plots are logarithmi, one an see that the
qualitative behaviour of the full solution is already aptured by the sample with only 64
randomly hosen exeptional yles, although we are losing a good deal of information about
models with hirality above 6. To obtain a quantitatively satisfying result, it is therefore
neessary to inlude a bigger subset of yles. For the highest value of 214 random sets,
we get a distribution whih diers from the omplete result by an overall error smaller
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Figure 7: Frequeny distribution of the mean hirality χ for models with three staks of branes.
Shown are the full set of solutions (a) and three sets generated using randomly hosen subsets of
64 (b), 1024 () and 16384 (d) out of all 2097152 possible ombinations of exeptional yles.
then 1 %, omparable to the errors we found for frequeny distributions of gauge group
properties.
The inlusion of random samples of all possible stak sizes, weighted aording to (6.1),
leads to a frequeny distribution as displayed in Figure 8(a). Until a value of χ ≈ 2.8 the
ontribution from models with more than eight staks dominates. For these models the
hirality is smaller on average, sine the AAB geometry, whih allows for solutions with
high hirality is no longer possible.
The distribution is quite dierent from what has been found for the Z2×Z2 orbifold.
In that ase a general saling behaviour was disovered, that has been onjetured in [10℄
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Figure 8: Frequeny distribution of models with mean hirality χ, as dened in (6.6), for the
present Z6 ase (a) to be ompared with the result for Z2×Z2 (b).
based on a saddle point approximation
6
. The hirality distribution, displayed in Figure 8(b),
sales to a quite good approximation as P (χ) ∼ e−3√χ. In the present ase the behaviour is
dierent, espeially beause the distribution has two parts that sale dierently. The rst
part goes roughly like e−(χ
2)
, while the seond part sales like e−χ.
6.5 Standard model ongurations
In the following we are going to fous our analysis on a speial sublass of models, namely
those whih ontain the gauge group and the hiral matter ontent of the standard model.
To be preise, we should speak about the MSSM here, sine all our models are N = 1
supersymmetri.
In order to simplify the analysis we use the term standard model in a very broad
sense. In this setion a standard model refers to a onsistent solution whih ontains at
least the gauge group and the hiral matter ontent of the MSSM. This means that there
always exists a hidden setor, ontaining additional gauge groups and hiral matter. This
is atually not neessarily bad for phenomenology, sine in the end we need a mehanism to
break supersymmetry, whih an be niely aomplished using a mediation through hidden
setor elds.
Conerning soalled hiral exotis, i.e. matter that transforms non trivially under
one of the gauge groups of the standard model, we will distinguish three ases to make
our results omparable with the literature. Case (i) will have no restritions on exoti
matter at all. In ase (ii) we forbid all exoti matter with the exeption of bifundamental
representations of the SU(2) group of the standard model and an additional U(1). These
6
An analysis of the mean hirality distribution based on expliit, omputergenerated data an be found









































Figure 9: Distributions of the probability to nd models with the gauge group of the standard
model and g generations of the hiral matter ontent. Figure (a) shows the results without any
restritions on hiral exotis, while in (b) the amount of bifundamental matter has been restrited
either to maximally one pair transforming in the SU(2) of the standard model (red bars on the
left) or to no additional hiral matter at all (blue bars on the right).
models are those that have been onsidered in [22℄ and might be of phenomenologial
relevane, sine the bifundamentals an be interpreted as supersymmetri Higgs partiles.
However, sine they do not transform under the same U(1) as the weak doublets, it should
be expeted that the Yukawa ouplings will be nonstandard. In the most restritive ase
(iii) we do not allow for any exoti matter at all.
As has been shown in [22℄, standard model ongurations an only our if the number
of staks is ve or greater. The maximum number of staks is nine, sine models with
more staks do not support an SU(3) gauge group. To simplify the analysis we will restrit
ourselves to a speial type of embedding of the standard model gauge group and hiral
matter, namely the one introdued in Setion 3.5.
6.5.1 Number of generations
At this point we leave the number of generations of quarks and leptons as a free parameter.
In Figure 9 the frequeny distribution of standard models with dierent numbers of families
is shown. In Figure 9(a) we allowed all solutions with the gauge group and the hiral matter
ontent of the standard model, while in Figure 9(b) we imposed additional onstraints to
exlude models with hiral exotis, as outlined above.
Models with more then two generations have only been found in the ases (i) and (ii),
whih allow for some amount of nonstandard matter. In partiular, there are ≈ 5.7× 106
solutions with three generations. These models all ontain ve staks of branes and are of
type (ii), ontaining one pair of bifundamental matter that transforms in the SU(2) of the
standard model gauge group and the U(1) oming from the additional fth brane. These
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solutions are of a type similar to the ones desribed in [22℄ and ontain those as speial
ases.
6.5.2 Hidden setor
The hidden setor of the standard models is generially very small. This is in sharp ontrast
to the models on the Z2×Z2 orbifold, where we found quite large hidden setors with a
distribution of gauge groups that turned out to be almost idential to the distribution in
the full set of models [11℄. The reason for this is that the number of staks in the present
ase is restrited to a maximum of nine, and the tadpole equations limit the total rank to
be lower than or equal to twelve (f. Setion 6.3.1).
If we restrit our attention to the group of models whih are most interesting from a
phenomenologial point of view, namely the three generation models, we nd that they only
our in ongurations with ve staks of branes. In this ase the hidden setor onsists
only of one U(1) gauge fator and in addition we always have hiral matter transforming
under this U(1) and the SU(2) group of the standard model.
7. Conlusions and outlook
In this work we have performed a omplete analysis of type II interseting Dbrane models
on the T 6/Z6 orientifold. We found that there exist 3.4 × 1028 solutions in total, out of
whih 5.7× 106 ontain the gauge group and hiral matter ontent of the standard model.
We therefore obtained a probability of 1.7×10−22 to nd an MSSMlike vauum, a number
onsiderably lower then the value of 10−9 that has been alulated in the ase of Z2×Z2
orientifolds in [11℄.
The distribution of gauge groups and hiral matter in the full set of solutions has
been analysed and we ompared the results with those from a similar study of Z2×Z2
models. Similar frequeny distributions of single gauge group fators have been found, but
the distribution of the total rank of the gauge group and of the hiral matter ontent are
quite dierent. This has been explained by the fat that the branes onsidered in this
work are atually frational branes that wrap not only torus yles, but generially also
exeptional yles around xed points of the orbifold. Sine there exists a large number of
possibilities to ombine these yles, the number of solutions is onsiderably inreased and
the statistial distributions are altered signiantly ompared to the Z2×Z2ase, in whih
frational branes have not been onsidered.
To obtain the full statistis, a method based on the hoie of randomly hosen subsets
of the full solution spae has been used. Therefore our results are not exat, but ome with
a statistial error, whih is however very small and always below 1%.
Conerning future diretions, it would ertainly be very interesting to ompare our
results with other string ompatiations that use dierent setups. In partiular a better
omparison with the heteroti landsape [20, 21℄ and the statistis of Mtheory vaua [32℄
would be desirable. Comparing our results with the extensive analysis of Gepner models [17,
18, 19℄ would also be very interesting, although in this ase the analysis is ompliated by the
fat that we are onsidering only one partiular geometry over a wide range of (untwisted)
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moduli here, whereas the analysis in the works ited above has been done for a very large
set of dierent geometries at a partiular point in moduli spae. Moreover the Gepner
model statisti onsiders only models whih resemble the standard model gauge group.
Nevertheless we hope to ome bak to this issue in the future.
On a more tehnial level, our analysis of solutions that resemble properties of the
standard model ould be improved. Sine we disussed only one possible embedding there
might be more possible realisations with interesting phenomenologial features, although
most of the embeddings used in dierent ontexts will not work due to the fat that the
number of symmetri and antisymmetri representations has to be equal.
Another extension of this work onerns the inlusion of uxes. In a naive way this an
be done easily by onsidering a lowered orientifold harge, as this would generially be the
eet of swithing on threeform ux. However, to inorporate the most general NSNS
and RRuxes into an orientifold setup, it seems very likely that the simple mathematial
formalism used in this artile has to be onsiderably extended.
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